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Let E be an Tate elliptic curve denned over a number field K with fixed non- 
archimedean absolute value v and let / be an associated Lattes map. In a 
previous paper we proved that the maximal algebraic extension of K, which is 
unramified at v, has the Bogomolov-Property related to the canonical height 
related to / (i.e. the height is either or bounded from below by a positive 
constant). In this paper we make this bound effective and generalize the 
previous result to sets with bounded ramification indices over v. We also 
prove that an analogue result for the Neron-Tate height on E is true. 



>- ■ Definition 1. Let K be a field with characteristic and E an elliptic curve over 

\ K with given endomorphism ^ [0]. Consider a finite covering it : E — >■ P^. The 

m ' 
m 



map f is called Lattes map associated to E if the diagram 



E—^E (1) 



pi j pi 



commutes. If it is necessary to be more precise, we call such a Lattes map associated 
to E, 7r and 

We talk of a Lattes map over a field K, if it is associated to an elliptic curve over 
K. Let E be given in (dehomogenized) Weierstrass equation, then there are the 
following possibilities for n (see [Si07], Proposition 6.37): 



ir(x,y) 



x , m any case 
x 2 , if = 1728 
x 3 , if j E = 
_ V , if 3e = 

Although it is a well known fact, we will prove the following lemma. 
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Lemma 2. Let K be a sub field of Q, E an elliptic curve over K and f a Lattes 
map associated to E with the diagram (pQ). Then we have 

h f o7r = deg(7r)/i E , 

where hf is the canonical height to f and hE the canonical height to E. 

Proof: Choose an even function g G K(E). Then go'fy is an even function of degree 
deg(g) deg(\I / ) and by [Si99], Lemma 6.3, for every P G E we have 

h o g(V(P)) = deg(^)h o g{P) + 0(1) 

and therefore 

4"" deg^)" 1 /* o g{*{[2 N ]P)) = A~ N deg^)" 1 deg(*)/> o g([2 N ]P) + 4^0(1) . 

Taking the limes N — > oo and use the commutativity of \1/ and [2^] we get 

h E (*{P)) = deg(vEr)MP) . (2) 

In (pQ) 7T can be given by either 7r(x,y) = x or n(x,y) = x 2 or 7r(x,y) = x 3 or 
Tr(x,y) = y. tt is even in the first three cases, and so in these cases we have 

h f o vr = deg(ir)h E + 0(1) . (3) 

This follows immediately from basic properties of the canonical heights. If it is 
given by projection on the y-coordinate, then tt 2 is even. With the trivial facts 
h o 7r 2 = 2h o 7r and deg(7r 2 ) = 2 deg(7r), we get that ([3]) holds in any case. 
We combine ([2]) and ([3]) and use the fact deg(/) = deg(\l/) to get 

hfon(P) =deg(f)- N h f (f N (n(P))) 
= deg^y N h f on(^ N (P)) 
= deg^)- N (deg(n)h E ^ N (P)) + 0(1)) 
= deg(vr)^(P) + deg(^)- w O(l) for all N G N 

Taking iV oo we get hf o tt = deg(ir)h E . □ 

Let E : y 2 = x 3 + Ax + B be an elliptic curve over a field K and 7 G X*. The 
elliptic curve 

E^-.y 2 = x 3 + 7" 2 A + 7~ 3 fi 

over K is the twist of E at 7. Notice that this is a Weierstrass equation of the curve 
given by jy = x 3 + Ax + B. If A, respectively B, is equal to zero, we can choose 7 in 
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(K*) 1 / 3 , respectively (K*) 1 ^ 2 . E and are isomorphic over K, and an isomorphism 
is given by 

# 7 : E^E 1 ; (x,y) i— >■ (7^, (tVt) -1 !/) 

As g 7 is an isomorphism it commutes with multiplication by m G Z. This gives a 
simple relation between the canonical heights on i£ and i? 7 . For any ?GEwe have 

M^) = ^lim^(x([2]V)) = i hm ^( 7 x([2]^(P))) =^(^(P)) (4) 

Proposition 3. Consider the field extensions Q C K C L C Q. Let 6e an elliptic 
curve over K and f a Lattes map related to the diagram ([I]) . If there is a positive 
constant c > 0, such that for every elliptic curve E' over K, which is K-isomorphic 
to E, fiE'(P) > c is true for all P G E'(L) \ E' tors , then we have 

hf{ct) > deg(7r)c for all a G L \ PrePer(/) 

Especially this holds if c depends only on the j -invariant of E. 

Proof: The proof goes as follows. Take an arbitrary a G L \ PrePer(/) and a point 
P G E(K), with 7i (P) = a. As a is non preperiodic we know that P is not a torsion 
point. Twist £ at a suitable 7, such that g<y{P) G E^(L) and then use Lemma 2, 
(|1J) and our assumption to conclude 

h f (a) = deg(vr)MP) = deg(7r)/^ 7 (# 7 (P)) > deg(7r)c . 

We will do this by a case by case consideration, regarding the possible representations 
of 71". 

First, let n be given as the projection on the x-coordinate. Define /3 := a 3 + Aa + B. 
If /3 is a square in L, then P is in E(L) and there is nothing more to prove. Let 
ft be no square in L and fix a square root in the algebraic closure, such that 
P = (a, a/5). Consider the quadratic twist of E at /3. Then 

9 P (P) = (^,p- 1 )eE p (L) . 

In the second case, we take 7r(x,y) = x 2 . Notice, that this can only occur if 
je = 1728, so we can assume E : y 2 = x 3 + Ax. For fixed roots, we have 
P = {\/ol 1 ^/aya + A). If a is in L 2 we argue exactly as in the first case. If a is no 
square in L, then we first twist E at y/a and see that g^(P) = (1, yl+~^) £ E{K). 
Like in the first case g^(P) is either in E^(L) or can be seen as an element of 
(E^) 1+ a(L). Both yields the desired result. 
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The cases ir(x,y) = x 3 and ir(x,y) = y are only possible if j E = 0, so we have 
E : y 2 = x 3 + B. When a twist is necessary, then for n(x,y) = x 3 twist E at 
71 := \J a 2 — B and for ir(x,y) = y twist at 72 := \fa (again for fixed roots). 
Either yields x{g li {P)) G L and y{g li {P)) G L 2 . Thus we can proceed as usual like 
in the first case. □ 



Definition 4. Let p be a rational prime and e, f G N. We call a subfield L of Q 
totally p-adic of type (e, f) if for every a G L and all w G Mq^, with w \ p, the 
ramification indices e w \ p are bounded by e and the residue degrees f w \ p are bounded 
by I 

Example 1. Let K be a number field and be the compositum of all fields F 
with [F : K] — d. For a non archimedean absolute value v | p on K there are only 
finitely many field extensions of K v of degree d. See for example [Na], Corollary 2 
of Theorem 5.27. So [K(a) w : K v \ is uniformly bounded for all a G and w \ v, 
w G Mk(o)- Especially e w \ p and f w \ p are uniformly bounded for all a G K^ d \ If 
we denote the bounds by e and f, then is a totally p-adic field of type (e, f). 
Recently Checcoli and Widmer proved, that also (• • • • . • is totally p-adic 

of type (ef, /) for some e', / G N (see [CW11]). 

The next corollary follows immediately from Theorems of Baker and Petsche. 

Corollary 5. Let Q tr be the maximal algebraic totally real field extension of Q, fi 
the set of all roots of unity and f a Lattes map over Q tr . Then we have: 

*) hf(u) > m^krw for aU a e Qtr \ PrePer (/) 

11) I PrePer(/) n Q* r | < \{h{j E ) + 10) 2 

m) h f {a) > 432(fe0 >) +10)5 for all a G Q tr (/x) \ PrePer(/) 

w) I PrePer(/) n Q* r (M)l < ^KKh) + 10) 4 

Now let K be a number field, p an odd prime and E an elliptic curve over K having 
no additive reduction at all places of K lying over p. If L/K is a totally p-adic field 
of type (e, f), for e, f G N, and f a Lattes map associated to E then we have: 

v) h f (a) > ||(g!) 3 (log(6eM) + ^ + \h{j E ) + f )~ 2 for all a G L\ PrePer(/) 

vi) I PrePer(/) n L\ < |^(log(eM') + **** + \h{j E ) + f )) 
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For M = max{p 6f + 1 + 2p 3f , 72eu} and M' = max{p f + 1 + 2\fp i 1 12eu}, where v is 
the maximum of and — ord^fje) for all places w G Mk lying above p. 

Proof: See [BP05] for the results concerning He- Everything but v) now follows 
from Proposition 3 and the fact, that the degree of 7r is at least 2. The reduction type 
of an elliptic curve over a place v is in general not preserved under i^-isomorphisms. 
So we can not apply Proposition 3 to prove v). By the multiplicativity of the 
ramification index and the inertia degree, every extension of L of degree n is a p- 
adic field of type (ne, nf). Let a be any non-preperiodic element in L and P G E(K) 
with tt(P) = a. Then P is defined over a p-adic field of type (6e, 6f), since the degree 
of 7r is at most 6. Applying Theorem 21 in [BP05] and Lemma 2 leads us to the 
estimation in v). □ 

To the best of my knowledge, these are the only examples for non trivial Bogomolov- 
properties related to Lattes maps. In what follows we will prove that under the 
assumption of a Tate elliptic curve we can drop the necessity of the bound f in v) 
and vi) of Corollary 5. 

Let K be a non-archimedean number field with absolute value v \ p and E q a Tate 
elliptic curve over K with j-invariant j. By d we denote the degree [K : Q] and by 
d v the local degree [K v : Q p ]. Let further / be a Lattes map related to the reduced 
Lattes-diagram given in ([T]). Here n is the projection on the x-coordinate, since 
\j\ v > 1 for every Tate curve. For a fixed e G PJ we define 

M e := {a G Q|e^|„ < e for all w G M K ^, w \ v} and 

Mf := {P G E q {Q)\e w \ v < e for all w G M K(P) , w | v}, 

where e w \ v is the ramification index of w over v. Let further hf be the canonical 
height related to / and He the Neron-Tate height on E q . Based on an idea of Sinnou 
David we will proof: 

Theorem 6. There is an effective computable constant c'(E q , e) > 0, only depending 
on E q and e, with Ue{P) > c'(E q ,e) for all P G Mf \ Tor(£ , 9 ). Furthermore there 
are only finitely many torsion points in Mf . More precisely, we have 



ii) |Tor(£ ? )nMf| < icord„(g)(e!)(cord 1 ,(g)(e!) + l)(2cord t) (g)(e!) + l). 

S ( lo s(iS) + \W) + [ 



Where c 
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Once we have proven this, Proposition 3 immediately gives us 

Theorem 7. There is an effective computable constant c(E q ,e) > 0, only depending 
on E q and e, with hf(a) > c(E q ,e) for all a G M e \ PrePer(/). Furthermore there 
are only finitely many preperiodic points in M e . With the notation of Theorem 6, 
we have 

ii) | PrePer(/) n M e | < ^cord 1 ,(g)(e!)(cord,,(g)(e!) + l)(2c ord t ,(g)(e!) + 1). 

Before we start the proof, we need some helpful calculations. The real Lambert-J¥ 
function W : [— |, oo) — >■ R is given as the inverse map of F(x) = xe x , where e is the 
Euler constant. We have W{— |) = — 1, but elements in (—\, 0) have two pre-images 
under F. So, in the interval [— ^,0) W has two branches. The upper branch W (x) 
tends to for a; / and the lower branch W-i(x) tends to — oo for x /* 0. We 
do not need deep information on the Lambert-IT^ function and take it mainly as an 
useful notation. For more information on this function we refer to [CGHJK]. 
Similarly as in [BP05] we will use the following lemma. 

Lemma 8. Let a, b > be positive constants with b > a and let r : R + — >■ R be given 
by r(x) = ax — b — logx. Then r(x) is positive for all x > — ^W-i(— ae~ b ) and it 
holds the inequality 

5 -<--W^(-ae- b )<^(\og- + b) . 
8 a ha a 

Proof: r(x) obviously tends to plus infinity, so we have to find the roots of r(x) in 
order to prove the Lemma. We have 

ax — b — log x = 

<£> e - ax x = e- b 

—axe~ ax = —ae~ b 
& xe{-lW (-ae- b ),-lW^(-ae- b )} 

Our assumption on b provides, that W (— ae~ b ) and W-\{— ae~ b ) are defined. As 
we have — \W$(— ae~ b ) < — \W-\(— ae~ b ) we know that r(x) > 0, for all x > 
— ^W-i(—aer b ). This proves the first part of the Lemma. Now let y be in the 
interval [— ^, 0). By definition we have y = W-i(y)e w -^ v \ Multiplying this equation 
by —1 and taking the logarithm yields 

log(-y) = log(-W^(y))+W^(y) = W. x {y) (l - ^w'ffl ) ^ ^W-M- 
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As — W-i(y) > 1 this leads to the inequality 

W-i(s/)<log(-3/)<— W.xfe) . 

e 

Applying this to — ^W-i( — ae~ b ) and using b > a gives us 

^L,, og 1 + 6) > - V_ l( -a e ->) > 1 - ^ > e -l . 
(e — l)a a a a e 

The estimation ^ < | concludes the proof. □ 

Proof of Theorem 6: Let P be a point in M^, w \ v a valuation on K(P) and 
fcp the residue field of K(P) W . We choose a minimal Weierstrass equation for 
over K(P). Then is the reduction of E q modulo w and E q is the set of all non- 
singular points in W q . We set E qfi (K(P) w ) := {P G E q (K(P) w )\P G ¥ q (k P ) ns }. 
E q fi(K(P) w ) is a subgroup of E q (K(P) w ) of index ord w (q) = e w \ v ord v (q) (see [Si99], 
Cor. IV.9.2). So we have e w \ v ord v (q)P G E q>0 (K(P) w ). From the choice of P it is 
clear, that Q := e!ordt,(g)P G E q ^(K(P) w ) for all iu | t>. 

We take the local heights (also called Neron functions) X w on E q (K(P) w ) \ 0, nor- 
malized such that we have the equation 

h E (P) = * . , E rf - A -( P ) VPG^(Z)\0 . 
[ 1 J • ^ J «,eM K(P) 

For Q G E q fl(K(P) w ) and w | t> , w G Mk{q), we have 

A W (Q) = 1 maxM^Q)), 0} + ±w(A) > 1 W (A) = -^(T 1 ) ■ (5) 

See [Si99], Theorem VI. 4.1. As we have a Tate curve, we know v(A) = v(q) = 
v{ 3 - 1 ) > 0. 

We define the set A s = {iQ\i G N, % < s}, for all s G N, such that A s consists of 
pairwise distinct points. Now we will estimate h E (P), respectively He(Q), using 
bounds for the local heights. For a given value w, we set w + to be the maximum of 
w and 0. 

If w is archimedean, then we can use a theorem of Elkies improved by Hindry and 
Silverman. Namely 

E -flog* -^s-^+cr 1 )*. (6) 

B.,R'eA s 
R^R' 

See [HiSi90], Proposition 1.1 and [Hr87]. 
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For a non-archimedean w 6 Mk(p) with < 0, £" g has potential good reduction 

at w (See for example [Hu], Ch.5 Theorem 7.6). Let K' \ K(P) be a finite extension, 
such that E q over K' has good reduction at a w' \ w. Then the equation we have 
used in (jSJ) shows that X w i is not negative on E q {K' w ,). As A w / and X w coincide on 
E q (K(P) w ), \ w is a non negative function. 

For non archimedean absolute values w with > [HiSi90], Proposition 1.2 

gives the inequality 

R,R>GA a V ™ W 77 

Thus for an arbitrary non archimedean absolute value we will use the estimation 

x^R-R^^-^w+ir 1 ). (?) 

R,R'eA s 
R^R' 

With ©, ©, © we get: 

E _ = fjOp) ■ Ql E d «>*v>( R ~ R ') 

R,R'£A a R,R'£A a L ^ / ■ W £M K(P) 

R^R' R^R 1 

- [X(P):Q] ^^ ( ~r l0gg ~y S) - [^(P):Q] ^^ +(rl) ^ S ^ ® } 

iw[oo uj|oo 



-|7f^)TQ| E i^ir 1 ) (withQ) 

+ E is^TfflE^w- 1 ) (with©) 



fl,fl'eA s wit; 

R^R' 



= -l slogs - 1 { s - [K (P) : q] £ (^cr 1 )) £ + [/(p) ; q] £ ^(r 1 ) 

We know that for all w | t> we have v (j -1 ) = u^j" 1 ) = w + (j _1 ). Thus we can use 
the definition of the standard logarithmic height h to obtain 



J2 h E {R-R') > d -^s*-(±h{]) + ^)s-\s\ogs 

>S s2 -(M0') + T) s -! sl °g s - (8) 



R,R'eA, 
R±R' 
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If P is a torsion point, then the left hand side is equal to zero. h(j) is clearly 

d — d 



greater or equal to ^4 — - > ^p, so we can apply Lemma 8 to deduce, that the 



right hand side is greater zero for s > fl°g(i^) + + As s is a 

natural number, we get a contradiction for s = c. This shows that there cannot 
exist a torsion point P G iWjf , such that the order of e! ord v (q)P is greater or equal 
to c. Hence, there cannot exist a torsion point P G of order greater or equal 
to cord„(g)(e!). Using |S g [fe]| = k 2 for all k G N, we get that there are less than 
|cord„(g)(e!)(cord„(g)(e!) + l)(2corcL J (g)(e!) + 1) torsion points in Mf . 
From now on we assume, that P is no torsion point. Then A s is defined for all 
s G N, and so (jHJ) holds for all s G N. The definition of A s and the property 
hE(kQ) = k 2 h E (Q) for all k G Z, leads us to 

J2 h E (R-R')= [2^i 2 (s-iUh E (Q)= (±a*-±Ah E (Q). (9) 

R,R'eA s \ 1=1 / ^ ' 

If we further use (JSJ and the definition of Q we find that the height h E {P) is bounded 
from below by 



c'(E q , e) := max 



\ogp 

2d 



S -(i/i(j) + 22)-31ogs 



seN (s 3 - s)(e! ord,;(g)) 2 

c'(E q , e) is obviously positive. In what follows we will give a lower bound for c'(E q , e). 
Let c w := -i^WLi (-iff #(j) V6 e 22 / 3 ) be the greatest root of the real function 
— (2^0) + 22) — 3 log a; (see Lemma 8). Then we know that this 



r(x) = l ^fx 



function is strictly positive for all x > Cw- Especially we have r(2x) > -^fx — 3 log 2, 
for all x > Cw, with equality if and only if x = Cw- By Lemma 8 (again) we have 
1 < 2cw < 2c. With this we finally deduce 

r'(F A > r{2c) > ^ c - 31og2 > n 

9 ' ' - (8c 3 - 2c)(e! ord,(g)) 2 " (8c 3 - 2c)(e! ord,(g)) 2 ' 

what concludes the proof. □ 



Remark 1. In both theorems we can get slightly better bounds, if we set c : = 
-j|^W_i (-^#(j) 1/6 e 22/3 ) , where H(j) denotes the multiplicative height of j. 
Notice, that W-i can be easily computed with Maple. 

We have proven a lower bound for the canonical heights h E and hf on sets. Our 
main interest concerns lower bounds on fields. If we assume L to be a field, such 



10 



that L is a subset of M e for some e, Theorem 6 and Theorem 7 give us a lower 
bound for the canonical heights on E q (L) \Tor(E q ), respectively L\PrePer(/). But 
we can achieve much nicer bounds if we additionally assume that L/K is normal. 
In this case, the term e! in our bound can be replaced by e. Formally: 

Corollary 9. Let K , v, E q and c be as in theorem 6. Let further L/K be a galois 
extension with L C M e for a fixed e G N. Then we have 

%%) |Tor(Eg) nMf| < |cord„(g)e(cord„(g)e + l)(2c ord„(g)e + 1). 

Proof: In the proof of theorem 6, e! was an estimation for the lowest common 
multiple of all e w \ V) w G M^(p), which does not depend on P. Now let K'(P) 
be the normal closure of K{P). From our assumption we know, that K'(P) is 
contained in L C M e . Thus we have e w /|„ < e for all w' G M K ^ P ) lying above 
f . Exactly like in the proof of theorem 6 we conclude, that for all these w' we 
have e w >\ v ord v (q)P G E qi0 (K'(P) w >). But as K'(P)/K is galois, we know that all 
these e w /\ v =: e v are equal. Hence, we set Q := e v ord v (q)P, where e v < e, and 
proceed with the proof as before. Notice again, that for every w G M K ^ there is a 
w' G M K i(p) such that X W (Q) = \ W '(Q). □ 

By Proposition 3, the analogue result for hf holds, too. 

Example 2. Let K nr,v be the maximal algebraic extension of the number field K, 
which is unramified at v. As sets we have K nr ' v = M\. Then we have seen, that 
K nr,v has the Bogomolov-Property related to hf, where / is a Lattes map over K 
related to a Tate curve. Obviously this holds for finite extensions of K nr,v . 

Example 3. Again let K be a number field with non-archimedean absolute value 
v ] p. As a last example of a field lying inside some M e , we will construct a field 
that is neither a finite extension of K nr ' v nor a totally p-adic field of type (e,f). 
This can be done by a combination of the previous two examples. Take as in 
Example 1. Fix an extension Vd \ v on and construct (^K ( - d ^) nr ' Vd , the maximal 
algebraic extension, that is unramified at v d . For an arbitrary a G (K < - d ^ , ) nr ' Vd we have 
K(a) = LM, with L a subfield of and K(a)/L is unramified at w — v^m- Let 
v' be any absolute value on K(a), with v' \ w. Then we have e v /\ v = e v /\ w e w \ v = e w \ v . 
This is uniformly bounded as L is totally p-adic of type (e, f). 
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Remark 2. In general both theorems do not hold, if we start with an elliptic 
curve with (potentially) good reduction at v (see [Poll] ). Furthermore K nr,v does 
not have the Bogomolov property related to the standard logarithmic height h. It 
is not hard to see, that the discriminant of Q(2 1 / 2 ' 1 ) is a power of 2. Hence, the 
elements {2 1 / 2 ™} ne N are unramified over all odd primes and their heights clearly 
become arbitrary small. To deal with the prime two, it suffices to see that the 
discriminant of Q(5 1//3 ™) is odd for all n E N. By a comment of Philipp Habegger, 
another way to see that the theorems do not hold for h, is that h is defined on 
G m (K nr,v ) . But G m has everywhere good reduction, so one can use an analogue to 
the first statement of this remark. 
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